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MOTION OF LEVEL SETS BY MEAN CURVATURE. II

L. C. EVANS AND J. SPRUCK

ABSTRACT. We give a new proof of short time existence for the classical motion
by mean curvature of a smooth hypersurface. Our method consists in studying
a fully nonlinear uniformly parabolic equation satisfied by the signed distance
function to the surface

1. INTRODUCTION

We present in this paper a new, elementary, and fairly concise proof of
short time existence for the classical motion of a smooth hypersurface evolv-
ing according to its mean curvature. In this problem we are given initially a
smooth connected hypersurface I'g, which is the boundary of a bounded open
set U c R". We then allow I’y to evolve in time into a family of surfaces
{T't}+>0 by moving each point on I, (¢ > 0) at a velocity equal to (n — 1)
times the mean curvature vector at that point. Our intent is to verify that for
small times at least, the classical motion as thus envisioned in fact exists and
is unique. This assertion was first proved by Gage and Hamilton [4], based on
the the work of Hamilton [5], and we discuss below the relation of our work to
theirs.

This is a companion to our paper [3], wherein we defined and then studied
a generalized notion of evolution via mean curvature, existing for all times
and agreeing with the classical motion, if and so long as the latter exists. This
generalized evolution is constructed in [3] by first building an appropriately
defined unique weak solution of the PDE

Ux Uy, .
(L.1) w= (8= T s, iR % (0, 00),
(1.2) u=g onR"x{1=0}.

Equation (1.1) says that each level set of u evolves according to its mean cur-
vature, at least in regions where u is smooth and |Du| # 0. Given then Iy as
above, we select a smooth function g: R” — R for which

(1.3) I'n={xeR"| g(x)=0}.
We next write
(1.4) I'={xeR"|u(x,t) =0} (t>0),
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and call the family of sets {I';},>0 so defined the generalized evolutions by mean
curvature starting from I'y. The rest of [3] is devoted to deducing from the
PDE (1.1), (1.2) various elementary geometric properties of the flow Iy — I}
(t > 0). A very similar investigation of this and more complicated problems
has been independently developed by Chen, Giga, and Goto [2].

In this paper we return again to the idea of a studying a nonlinear PDE, a level
set of whose solution evolves via mean curvature. Our idea is first to assume that
I'o develops by classical mean curvature motion, at least for times 0 < ¢ < tg,
and then to derive the PDE verified by d, the signed distance function to the
surface at each time. This turns out to be a fully nonlinear, uniformly parabolic
equation: see (1.9) below. Next we construct for short times a smooth solution
of this equation, subject to nonlinear boundary conditions in an appropriate
region, and then finally verify that our solution is in fact the signed distance
function to a family of smooth surfaces evolving from Iy by mean curvature
motion.

We proceed now to the heuristic derivation of our PDE. Suppose therefore
we are given the smooth hypersurface Iy = AU as above, a time fy > 0,
and a classical evolution {I';}o<;<;, of surfaces developing from I’y by mean
curvature flow. Then for each time ¢ in [0, £,], I'; is the smooth boundary of
a bounded open set U,, which is diffeomorphic to U = Uy . Define the signed
distance function

dist(x,I;) (xeR*"-U,),

1.5 d(x,t)= )
(1.5) (x. 0 { _dist(x,T,)  (xeU,)
for x e R*, 0 <t <ty. By assumption I" = UOS,S,0 I'; x {t} is smooth, and
thus d is smooth in

O"={(x,1)|0<t<ty,0<d(x,t)<d}
and in

Q0 ={(x,t)|0<t<ty, —0p<d(x,t)<0}

for dp > 0 small enough. Fix any point (x, t) € Q. Then provided dp > O is
sufficiently small, there exists a unique point y € I'; for which d(x, t) = |x-y|.
Let v = Dd be the smooth unit normal vector field pointing from I" into Q*.
As {I';}o<:<;,, moves via mean curvature, we have

dt(x’ t) = le(l/)(y, t) .
On the other hand the (unordered) eigenvalues of the matrix D?d(x, t) are
Ai=A(D¥(x, 1) = —ki/(1 —k;id(x, 1)  (1<i<n-1)

(16) An = An(D*d(x, 1) =0,

{x1, ..., kn—1} denoting the principal curvatures of I'; at y, computed with
respect to the normal field v . Inverting (1.6) we compute
Ki= A (1<i<n-1).

Ld(x, 1) -1

Since

div(y) = —(ky + - + Kn—1),
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we deduce finally
(1.7) di(x, 1) = f(A(D*d(x, 1), ..., A(D*d(x, 1)), d(x, 1))

for
n A
—_ 1
(1.8) f(,ll,...,x,,,z)=§1_liz.
The same formula results if (x, ) e Q.
Now our PDE (1.7) has the general form
(1.9) d,=F(D*d,d);
and, as f is symmetric in the variables A, ..., 4,, F is smooth. Since
of 1 .
—_ = <i<
(1.10) on; (1—1,~d)2>0 (1<i<n),

equation (1.9) is uniformly parabolic. See Caffarelli, Nirenberg, and Spruck [1]
for more details.

Our plan is to study directly the PDE (1.7), (1.8). For this suppose now I'y
is the smooth connected boundary of a bounded open set U C R”, and Jet

dist(x, I’ R"-T),
(1.11) g(x)s{ 1s (x,To) (x€ )
—dist(x, I'p) (x e U)
be the signed distance function. Fix then Jy > 0 so small that g is smgpth
within
(1.12) V={xeR"| -6 < g<do},
and write
0=V x(0,t), =0V x|[0,t].
In §2 we construct a smooth solution v to the PDE
v, = F(D*v,v) inQ,
(1.13) |Dv|? =1 onX,
v=g on V x {t=0}

for some small time fy > O, our argument being in effect a special case of the
Inverse Function Theorem. We then verify in §3 that

(1.14) [Dv?=1 in Q.

Setting

I''={xeV]vu(x,t) =0} 0<t<ty),
we deduce from (1.13) and (1.14) that {I';}o<;<;, is a smooth evolution ggy-
erned by mean curvature and v = d is the corresponding signed distance fiine-
tion.

Section 4 utilizes the PDE (1.7), (1.8) to prove an “instantaneous W@ﬂﬂﬁ
apart” assertion for close-by evolving surfaces. Some consequences arg’gijs-
cussed in [3, §8]. ‘

As noted, Gage and Hamilton in [4, §2] have previously established the ;g i
time existence of the classical mean curvature evolution by studying the ddgen-
) is

erate parabolic system describing the parametrized surface. As this systggj
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degenerately parabolic, they must appeal to a general theorem of Hamilton [5,
Theorem 5.1] which employs fairly complicated techniques related to the Nash-
Moser Implicit Function Theorem. Our methods are simpler.

2. SOLVING THE NONLINEAR PDE

Our goal in this section is to construct a smooth solution of the PDE (1.13)
for dp > 0 and ¢y > 0 small enough. Let us first of all select Jy so small that

(2.1) Mé, < %
for

(2.2) M = max |D?g|.
Set

G={ReS"™",zeR||z| <y, |R| <2M}.
Then since (2.1) implies
|A(R)z| <|R||z2| <3 (1<i<n)
if (R,z)eG,
~ A(R)

(2.3) F(R, 2) = f(R), ... n(R), 2) = D 1—7-py7
i=1 !

is defined and smooth on G. Arbitrarily extend F off G to be smooth on all
of S™" x R, with |F|, |DF|, |D?*F| bounded.
We now check that our PDE is uniformly parabolic near g .

Lemma 2.1. Then exists a constant 6 > 0 so that

oF
(2.4) 3 (R 2)ei) 2 01c> (¢ eRY)

rij

in V foreach (R,z)€G.
Proof. Fix £ € R" and choose then ¢ > 0 so small that (R+#¢®¢,2) € G.
Using Courant’s minimax characterization we deduce that the eigenvalues can
be ordered so that

IR+ ®E) > A(R) (k=1,...,n).
Consequently
F(R+t®¢, z)- F(R, 2)
=f(..., 4(R+t,®&),...,2z)— f(..., &(R), ..., 2)

n 1 Bf

=lz=; A a—l,c(...,S}.k(R-l-té@é)
+ (1 =8)A(R), ..., 2)ds[A(R + t& ® &) — A (R)]

> Otrace(R+ £ ® ¢ — R)

for some 6 > 0 by (1.10). Dividing by ¢ > 0 and sending ¢ — 0%, we arrive
at inequality (2.4). O

We will seek our solution v of the PDE (1.13) in the form

(2.5) v=g+th+w,
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where
(2.6) h=F(D%g,g).
Then plugging into (1.13) we compute
— 8jjWxx, + cw = AD*w,w, x,1) inQ

for
_OF =Z§_F_ 2
(2.7) au—am_(D g,8), c= 37 (D%g, &)
and
AR,z,x,t)=F(D*g+tD*h+R, g+th+z)
(2.8)

oF oF
_ 2 _ g 2 il 2
F(D%g, g) ari,(D g, 8)rij Bz(D g,8)z.

We next insert (2.5) into the nonlinear boundary condition from the PDE

(1.13). Recalling that |Dg|> =1 and Dg is normal to 8V we discover
ow

E}-=a(Dw,x,t) onX,

where v is the outer unit normal vector field along ¥ and
( ) —3|tDh + p|? - t8%  on {d = 6o},
x, )=

4 LtDh+pl2— 125 on {d = —5y}.

Combining everything above, we hereafter seek a smooth function w satisfying
Wy — W5, + cW = AD*w, w, x,t) inQ,

(2.10) % = a(Dw, x, t) onX,
w=0 onV x {t=0}.

We intend to solve (2.10) by finding a fixed point of the mapping 7 defined
by inserting a given function into the nonlinear terms 4, a and solving the
resulting linear PDE.

We will work in certain standard parabolic-type Hélder spaces. Fix 0 <

a < 1. We define several norms, following Ladyzhenskaja, Solonnikov, and
Ural'tseva [6, pp. 7-8]. Set

[u|© = sup{|u(x, t)||(x, t) € Q},
) = 2l +1Du
|u|® = |u|® + |D*u|© + |u,| @,

W® = su p{lu(x,l)tc)_—yl;gy, 3l

(u)sﬂ) = sup { |u(x, |l;)_—sl|l;§x , 5)|

(2.9)

(x,t),(y,t)eQ,xaey},

(x,t),(x,s)eQ,t;és},
for 0< g < 1. Then

o gy = 1@ + ) + ()2,

1+

Jul = 11 + (0@ + @) T 4 (pu)E),

Cl+o

uuucm_% |u|<2>+Du>(%) D + )@ + (0 + )P,
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Note
| Du|

Finally define

[ v sy = 08 {101 10 13 5 0 = won 2}

We consider now the 11near, uniformly parabolic PDE
Wy — QjjWy,x;, +cw =B inQ,

5y 1Dl o gy Nl o8 ) < 0l o 2 -

Cl+a ( ) )

Cl+a

(2.11) u=b onX,
w=0 on V x {t=0}.

Suppose as well
(2.12) b=0 ondV x{t=0}.

a 1+a
Lemma 2.2. Assume B € C*2(Q),b € C!** 3 (X), and the zeroth order
compatibility condition (2.12) holds. Then there exists a unique solution w €

24a
C2+°"_-2L(Q) of the PDE (2.11), with the estimate
(2.13) lwll 2va, Yo 5 S CIBl| e g ) + l12I

The constant C does not depend on t .
Proof. Except for the last assertion, this is Theorem IV.5.3 in Ladyzhenskaja,
Solonnikov, Ural'tseva [6, pp. 320-321]. To obtain the statement that the con-
stant C remains bounded even for small 0 < ¢ty < 1, we define
0=Vx(0,1), Z=8Vx(0,1),
~ B(x,t) if0<t<y,
B(x,t)={ (x,0) H0<tr<to
B(x, 1) ifto<t<1,

b(x,t) if0<t<t,
b(x,ty) iftg<t<l1.

)-

Cl+a (2)

B(x,t):{

Then B i
”B”C° %(6 = ”B”cﬂ» Q)’ “bllcnn (Z) ”bllcl+a 1_52(2)'

Let @ € C> 4° (Q) solve the PDE (2.11) with O, =, B, b replacing Q,
X, B, b. The estimate (2 13) then is valid for w with Q, Z replacing Q, .
Bui W =w on @, by uniqueness for parabolic equations. O

We will henceforth work in the Banach space

— 2+a e —
X={weC™ 2 (Q)|lw=0onVx{t=0}}.
Given W € X, we set
= A(D*w 1),
/ b(x t) =a(Dw, x, t)
for A, a defined by (2.8), (2.9). Now write T(w) = w, when w € X solves
the hnear PDE (2.11), for B, b -as in (2.14). We seek a fixed point of the
mapping 7: X — X . Give ryg > 0, set

Y = {w e X|||wl <nr}.

52 ()
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Lemma 2.3. If tq, ro > 0 are sufficiently small, then
(2.15) T:Y > Y.

Proof. 1. Choose any function w € Y, define B, b by (2.14), and let w € X
solve (2.11). We must show the inequality

(2.16) 10 oo, 2 5, < 7o
implies
(2.17) 10 1,230 5 < Fo

provided rg, tp > 0 are adjusted sufficiently small.
2. Now (2.8) implies
(2.18)

F
AR, 2,x, 0 = 5 oD%, gmmﬁ+tz (D%, )k

/ (1-ys) (D*g + stD*h + SR, g + sth+sz)ds
Br,,c') ki
x (thy

x; T rtj)(thxkx, + k1)

+2/ I—s(9 (D2g+stD2h+sR,g+sth+sz)ds
(thXin + ru)(th + z)
! 0F
+ / (1- s)a—Z(DZg +5tD*h + sR, g+ sth+sz)ds
0
x (th + z)*.
Recall also that
(2.19) uv]l .8 ) < Cllell o g IV

Q
2

c2(Q)

forall u,v e C“‘%(Q), and

-2
(2.20) £l a3 @) < Clo 2
Then (2.14), (2.18), (2.20) imply

1-2
Similarly formula (2.9) implies

1—a

2 4+ 2
(2.22) 180l e 130 5, < CB+ 157 )
3. Inserting estimates (2.21), (2.22) into (2.13) we discover

1—-a

2 2
(223) 0] s 20 5 S COR 17 ),

the constant C independent of ry and #y. Let ry < % Then (2.23) gives
1—a

1wl e 242 5, 2 Y4 Cty T <o
if 1y = to(ro) is small enough. This verlﬁes inequality (2.17). O

Finally we check that 7: Y — Y is a strict contraction.
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Lemma 2.4. If ry, ty > 0 are small enough,

AN A ad, — 21
(2.24) 1T (@1) = T@2)l e, 20 5 < 5HD1 = B2l 0,230 5

forall w,,w,€eY.
Proof. 1. Choose w;, W, € Y ; then

[y, w2“C2+a'2_§¢_1(6) <.
Set
(2.25) {B'(x”)EA(Dzwl’whx,t), By(x, t) = A(D™iy, 1z, X, 1),
bi(x, t) = a(Dw, x, t), by(x, t) = a(Dy, x, 1),

and write w; = T(0,), wy = T(w,). Thus w; solves the linear PDE (2.11)
with By, b, replacing B, b, and w, solves (2.11) with B,, b, replacing B, b.
According to Lemma 2.2

(226) w1 ~wall oun 230 5 < CUIB1 = Ball g ) + 161 — b2||C1+.,,l_;a(z))~

2. Recall that

|®w) - D)l s

(2.27)
<C "u”CG + ||'U||Ca§@)+ I)Hu_'vncﬂg(é)

if u,veC*2(Q) and @ is smooth, with DD, D>® bounded.
Utilizing then formulas (2.18)-(2.20), (2.27) we compute

=5 s .
(228)  IBi = Ball ey gy S Clro+ 1y 2l =l s 2 5 -
Similarly
l1—a
T \lliy — 10
(2.29) 1By — by < Clro+ 17 D1 = Wil v, 2 5 -

Cl+a (E

Combining (2.26), (2.28), (2.29), we obtain estimate (2.24), provided ry, o > 0
are small. O

We at last apply Banach’s Fixed Point Theorem to establish

Theorem 2.5. If dy, ty > 0 are sufficiently small, there exists a unique solution

240
v € C¥** 3% (0) N C*=(Q) of the PDE (1.13).
In particular (D*v,v)€G in Q.

3. MOTION OF THE ZERO LEVEL SET BY MEAN CURVATURE
This section we devote to proving that the sets

(3.1) T={xeV|vx,)=0} (0<t<t)

are in fact smooth hypersurfaces evolving by mean curvature.
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Theorem 3.1. We have

(3.2) |IDvj*=1 inQ.
Proof. 1. Let w = |Dv|> — 1 € C'(Q)N C>(Q). Then
(3.3) w=0 onZX

and

(3.4) w=0 onV x{t=0},

according to (1.11) and the PDE (1.13).
2. Differentiating (1.13) we compute

oOF oOF
lek = W(Dzv ) v)vx,‘ijk + E(DZ’U 5 ’U)’ka (k = 1 g see gy n) .
J
Thus
(3.5)
Wy = 2Ux, Uxyy
oF oF
= 25—r’—J(D2'v s V)Ux Unexix; + 262 (D*v , v)|Dv|?
2 or 2 2
(D V)Wx,x; — 25—(D 2y, V) Vs, x; Ui x; + 2—(D v, v)|Dv|°.
8 U 7 a U ! J
Now
F(D*,v)= f(..., A(D*),...,v) inQ.
Thus
oF 0 Ai(D*)?
(3.6) 5(1)21;, v) = f( , A(DM), ..., v) = Z =i (Dzz;)fu)z

On the other hand (see Caffarelli, Nirenberg, and Spruck [1])
oF 9 iy
6/1- a

6",] (D v)vxkx'vxkxl =

, Ai(DM), ..., v)A;(D*v)?

u Ai(D?*v) _OF
_z (

D2v v)2 57 —(D*v,v) by (3.6).

Consequently (3.5) transforms to read

oF
orij
In view of Lemma 2.1 this is a uniformly parabolic equation. As (3.3), (3.4)

assert w = 0 on the parabolic boundary of Q, we deduce w = 0 everywhere
withinQ. O

(3.7) w, = — (D%, v)wx,xl+ZQ—(D2v v)w in Q.

Owing to (3.1), (3.2) we see that
r={(x,)eQ|v=0}

is a smooth hypersurface in R"*' N Q and eachslice I, = {x e V | (x, t) € O}
is a smooth hypersurface in V.
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Theorem 3.2. The surfaces {I'1}o<i<i, comprise a classical motion by mean cur-
vature starting from I'y.

Proof. For each fixed ¢ in [0, #y], v = Dv is a normal unit vector field to I',
in R”. In addition the PDE (1.13) implies

vy =Av =div(v) onlT;.

However

diviv)=—-(n—1)H = —(k;+ -+ Kn_1),
where x;, ..., k,—; are the principal curvatures of I'; computed with respect
to v and

H= (1 + -+ Kp1)

n-—1
is the mean curvature.
Now fix 0 <t < 1y, x € I, and evolve the point x according to the
nonautonomous ODE

{ x(s) = —[div(r)v](x(s), s)  (s>1),
x(t)=x.
Then

‘—Ev(x(s), s)= —[(Dv -v)div(v)](x(s), s) + vi(x(s), s)

= —div(y)+v,=0.
Thus
v(x(s),s)=0 (s>1),
and this implies {I';}o</<; is evolving by mean curvature. O

4. INSTANTANEOUS TEARING APART

As a further application of the PDE (1.7)-(1.9) we prove in this section that
two distinct smooth surfaces evolving by mean curvature must instantly tear
completely apart, even if they initially touched on a large set.

More precisely, suppose as above I'g is the smooth connected boundary of
the bounded open set U C R”. Assume also that I’y is the smooth connected
boundary of a bounded open subset U C R" and that

(4~1) foCU.

Thus the surface fo lies within the closed region U bounded by I'y. Suppose
further that

(4.2) To#To.

Choose next #o > 0 so small that the classical evolutions {I';} and {f’,} starting
at I'y and TI'y, respectively, exist at least for times 0 <t <.

Theorem 4.1. We have

(4.3) I nT,=2 for0<t<t.

We see therefore that the two evolutions by mean curvature instantly com-
pletely “tear apart”. The point is that the PDE describing evolution by mean
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curvature is “uniformly parabolic along the surface” and thus admits infinite
propagation speed for disturbances. See [3, §8] for some geometric conse-
quences.

Proof. 1. Fix Jp so small that the signed distance function
dix. 1) = { —d%st(x, I)) %fx el,,
dist(x,I;) if xeR"-U,
is smooth in
Q={(x,1)|-d <d(x,1)<dp,0<1< 10}
(Here U, is the bounded region enveloped by I';.) As above we have
(4.4) d,=F(D*,d) inQ.
Similarly the signed distance
—dist(x, T) ifxe T,
{ dist(x,T,) ifxeR" -,
is smooth in Q, provided dy, > 0 are sufficiently small and 1"0 is close
enough to I'y. (We denote by U, the region bounded by I, .) Also

a?(x, t) =

(4.5) d, = F(D? d, d) in Q
as well. ~ X

2. Now since (4.1) holds, we have I, C U, foreach 0 <¢<¢. Thus d >d
in Q.

3.Set w=d —d. Then
(4.6) w>0 inQ, w#0 onQn{t=0},
and from (4.4), (4.5) it follows that
(4.7 W = QjjWx,x, + CW in Q
for

_['8F 2
ajj = —(tD d+(1—t)Dd td+(1—t)d)dt
0 (9",]

and

_[lOF 55 27 .
c=/ 5(tD d+(1-t)D*d,td + (1 —t)d)dt.
0

According to Lemma 2.1 the coefficients ((a;;)) are uniformly positive definite

if &y, to are small enough and Iy is close enough to I'y. From (4.6), (4.7) and
the strong maximum principle we deduce that

(4.8) w > 0 in the interior of Q.
Assertion (4.3) follows.

4. In the general case that IA“O verifies (4.1), (4.2), but is not necessarily
everywhere close to I'y, we interpolate a smooth surface Fo between I'y and
Fo, so that 1"0 satisfies (4.1), (4.2) and is close to I'g. Then, by steps 1-3,

i:t N F, =g
for all small ¢t >0, {l~",} denoting the classical evolution from I~“0. As T ¢ l~ies

within the region bounded by I', and f, lies in the region bounded by I,
assertion (4.3) follows in this case as well. O
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